This paper considers efficient set mathematics for the case where the covariance matrix of asset returns is assumed known but ex ante the vector of expected returns is replaced by an estimated or forecast value. It is shown that the ex post mean and variance differ from the standard results. Consequently the maximum Sharpe ratio portfolio also differs from the standard result. However, even with uncertainty about the vector of expected returns, subject to the assumptions made about the joint distribution of actual returns and estimated mean returns, ex post Sharpe ratio maximisers hold the ex post market portfolio. The properties of the zero beta portfolio are similar to the standard results leading to a capital market line. The ex post Capital Asset Pricing Model incorporates an intercept and the betas are not the same as those computed ex ante. The results are illustrated with an example.
Introduction
Portfolio selection introduced by Markowitz [1] has many supporters and many detractors. Broadly, the former are those who use his methods successfully and the latter are those who do not. Since its introduction, traditional portfolio selection has undergone much refinement and development. Nonetheless, many of these developments are very similar to or essentially identical to the original method. That is, a portfolio selector remains on a meanvariance efficient frontier. The original theory assumes a quadratic utility function or that the multivariate probability distribution of asset returns is characterized by expected returns and the covariance matrix. Stein's Lemma, Stein [2] , and its modern extensions (Liu, [3] ; Landsman and Nešlehová, [4] ) mean that these remarks are valid under a range of elliptically symmetric distributions and, subject to regularity conditions, for all utility functions. Thus, the efficient frontier should be a robust place to be.
In the previous paragraph, the phrase "a mean-variance efficient frontier" is used deliberately to remind that in practice all efficient frontiers are based on estimates of the underlying parameters, the vector of expected returns and the covariance matrix. Even when consistent estimators of the underlying parameters are used, all efficient frontiers are in reality estimated efficient frontiers. It is well known, by both practitioners and academic researchers, that the ex-post performance of an efficient portfolio often differs substantially from that anticipated at the time of construction. The celebrated papers by Best and Grauer [5] and Chopra and Ziemba [6] document that portfolios which are mean-variance efficient ex ante are sensitive to the inputs; that is to the estimators that are used. As Adcock [7] reports "even in the situation where the user is equipped with good estimates of the input parameters, the outputs are likely to produce results that are different from those expected. In circumstances where the estimates of the inputs are poor, it is inevitable that ex-post performance will be inferior". The recent paper by Kan and Zhou [8] confirms this. These and other difficulties are documented widely, notably in Michaud [9, 10] .
The use of estimated values for the model parameters means that it is desirable, even necessary, to use statistical methods to study the behaviour of portfolios which ex ante are mean variance efficient. There is an early work due to Bawa, Brown and Klein [11] . In many papers, the starting point for the use of statistical methods in conjunction with mean-variance portfolio selection is often the work by Jobson and Korkie [12] . This work, in common with other later papers, is concerned with the maximum Sharpe ratio portfolio. If asset returns are IID normal and the usual sample estimators are used, Jobson and Korkie [12] show how to derive expressions for the expected values and variances of the components of the efficient frontier reported in Merton [13] . This version of the efficient frontier allows short positions; that is only the budget constraint is imposed on the expected utility maximization. The resulting formulae in Merton's paper define the shape of the frontier and ex-ante portfolio expected return and variance. They are often referred to collectively as efficient set mathematics. Gibbons, Ross and Shanken [14] present a test of the mean-variance efficiency of a portfolio. This test, which employs a fundamental property of the efficient frontier, is based on a variant of the market model. Under the IID normal assumptions, it results in Hotelling's T 2 , which apart from a scaling constant has an F distribution. There are similar tests in Huberman and Kandel [15] and Britten-Jones [16] . More recently, Kan and Smith [17] derive expressions for the joint distribution of the components of the efficient frontier given the standard assumptions. To achieve this, they reparameterise the frontier and consider components which are functions of those in Merton's original representation. The results that they derive depend on the Chi-squared and non-central F distributions. Knight and Satchell [18] derive further extensions, specifically for institutional investors. There are several other related works, notably by Bodnar and Schmid [19] [20] [21] , Hillier and Satchell [22] and Okhrin and Schmid [23] .
Under the assumption that the vector of expected returns and the covariance matrix are known, the ex post or actual return on a portfolio is an affine transformation of the vector of asset returns. If returns follow a multivariate normal distribution or any member of the elliptically symmetric class, the distribution of portfolio returns is a member of the same class. The aim of this paper is to present results for the case where the covariance matrix is known, but the vector of expected returns is an estimate or forecast and is therefore a random vector. To avoid duplication, henceforth such a vector is referred to as a forecast. When the joint distribution of returns and the forecast used for portfolio selection is multivariate normal, it is shown that the distribution of ex-post portfolio returns is an extended quadratic form in normal variables. It is shown that this changes the shape of the efficient frontier and leads to different insights into the maximum Sharpe ratio or market portfolio. The results in this paper substantially extend those reported in Adcock [7, 24, 25] .
The paper is set out as follows. Section 2 contains a summary of traditional efficient set mathematics and the assumptions used. Section 3 present the main results of the paper, namely that ex post returns are distributed as an extended quadratic form. Given that the number of possible specifications for the structure of the covariance matrix of asset returns and forecasts is large, Section 4 presents two examples. In Section 5, there are results which examine the effect of the estimated expected returns or forecasts on the Sharpe ratio, the market portfolio and the Capital Asset Pricing Model. Section 6 contains concluding remarks and a brief discussion of potential developments.
Traditional Efficient Set Mathematics
Let R be an n-vector of asset returns, which has the multivariate normal distribution . The notation  , N μ Σ p R denotes portfolio return and f r the risk free. The notations n 0 d mn 0 te respectively an n-vector of ones, an n-vector of zeros and an m n  m of zeros. Subscripts are generally omitted. It is assumed that the covariance matrix Σ is non-singular. Maximising expected utility subject only to the budget constraint in the usual way and recalling Stein's Lemma, the first order conditions for portfolio selection lead to the well known expression for the portfolio weights 1 , an deno atrix
The vector 0 is the minimum variance portfolio and satisfies the budget constraint . The vector is a self-financing portfolio. In general, risk appetite is defined as
The expected return and variance of portfolio return, which has a normal distribution given the assumptions, are
respectively, where the standard constants are defined as
Note that these definitions of the standard constants differ from those in Merton [13] . They are the same as those used in Kan and Smith [17] and are more suitable for the purposes of this paper. The equation of the efficient frontier is
The market or maximum Sharpe ratio portfolio arises when
the market portfolio does not exist in any meaningful sense.
Distribution of Portfolio Returns
This section presents the main results of the paper, in
which it is shown that when μ is replaced by a forecast, denoted by , portfolio return is distributed as an extended quadratic form in normal variables. It is assumed the 2n-vector
has a non-singular multivariate normal distribution with
respectively. Non-zero entries in the vector mean that the forecast is biased. It is assumed that the covariance matrix is known. The vector of portfolio weights based upon the forecast is
Portfolio return is distributed as an extended quadratic form in normal variables. The properties of these are described in detail in Mathai and Prevost [26] . Relevant results for financial applications are in Appendix B of Adcock et al [27] . Specifically, Corollary 2 of their Theorem 2 leads to the following.
Proposition 1
Apart from an additive constant, portfolio return p R is distributed as the weighted sum of independent noncentral Chi-squared variables, each with one degree of freedom, and an independently distributed normal variable. That is
where the j λ are the non-zero eigenvalues of the matrix
 and are scalar functions of elements of the vector τ and the eigenvectors of
As further technical details of this result are not required for the material that follows below, they are omitted. Briefly, it may be noted that the probability density function of p R is intractable, although the central limit theorem means that, ceteris paribus, the distribution of p R will tend to normality as the number of assets increases. This provides support to a finding of Tu and works for the evaluation of portfolio performance. The characteristic function of the extended quadratic form, however, may be inverted numerically using a procedure due to Imhof [29] . Mathai and Prevost [26] note that this procedure may be considered to be exact. The characterristic function is tractable and leads to the following results for the mean and variance of portfolio returns. An outline proof of the following proposition is in Appendix A. It was first reported without proof in Adcock [25] .
Proposition 2
Zhou [28] who suggests that the normality assumption nd variance of portfolio return, de 
The covariance between the returns of an arbitrary portfolio with given weights q w and an efficient portfolio with risk appetite θ is
Substitution gives the following: the efficient frontier is
From Proposition 2 and Corollary 2.1, it is clear that the ex-post expected return and variance of an efficient portfolio constructed using estimates or forecasts of expected returns are different from those based on standard efficient set mathematics. The effect on the maximum Sharpe ratio portfolio is described in Section 5. The detailed effects on mean and variance, and hence the shape of the efficient frontier, depend on the constants 0,1,2  .
These in turn depend on δ , the bias in the estimates, and the structure of the cova ance matrix Γ . To illustrate the effects, two examples are presented in Section 4. riance matrix of the estimates or forecasts is proportional to RR Σ , the covariance matrix of asset returns. This is loo equivalent to assuming that the vector of forecasts is based on simple times series methods. It is also assumed that forecasts are unbiased,  δ 0 . 
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example was first reported in conference proceedings in Adcock [24] . In this case   Ρ I , where I is the n n  unit matrix, in which case
A special case of this is the use of the sample mean returns based on a time series of length . In this case   . There is no effect on mean return, but there is an increase in variance. In articular, the is an sing function of the number of assets.
To illustrate these results a data set consisting of weekly ret  are computed using the formulae above. These are shown in Table 1 Figure 1 . The figure also includes a graph of the conntional efficient frontier. As the figure ws, when ve sho  is less than zero the efficient frontier is downwards sloping: more risk leads to lower expected return. . When   , the gradient is higher. That is, this value of correlation provides a sufficient signal to outperform the ex ante frontier. To avoid cluttering the figure other values of  are omitted. However, as  increases so does the gradient of the frontier. Conversely as  decreases from zero, the negative trade-off between risk and expected return becomes progressively worse.
The case 0   may be interpreted as the use of sample returns as a forecast is also omitted. In this case, the corresponding efficient frontier is effectively flat. 
The Sharpe Ratio and the Market Portfolio
In standard efficient set mathematics, the Sharpe ratio is imu ratio occurs at the MVP and the ratio declines monotonically as risk increases. Fo 0.01 the maximum is close to the MVP and the Sharpe ratio is always inferior to the ex ante case. When  = 0.05, however, the Sharpe ratio is superior to the standard case, but the maximum is attained at lower risk.
Properties of the Sharpe Ratio
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The Market Portfolio and the CAPM
The question of the m certainty naturally arises. Standard manipulations the following.
Proposition 3
Given the assumptions above, the maximum ex post Sharpe ratio po Thus, although the ex post market portfolio differs fr he ar 1 om that found ex ante, there is a corresponding capital market line, whose intercept is the risk free rate. T gument that investors will hold a combination of lending/borrowing and the market portfolio still holds. This is subject to the assumption that the joint distribution of returns and forecasts is the same for all market participants. This result leads in turn to the question of the CAPM. Under the assumptions of the paper, is the expected excess return on an asset or portfolio given by the product of beta and the expected excess return on the market portfolio? The treatment below follows that in Chapter 3 of Huang and Litzenberger [30] and requires the following result.
Proposition 4
The covariance of two efficient portfolios p and q is
io with respect to portfolio p if its risk appetite is This leads to portfolio q being a zero-beta portfol
Note that for the case where forecasts are biased The intercept of the straight line that is the tangent to the efficient frontier at portfolio p is equal to   z E R .
Proposition 6
If portfolio p is the market portfolio, the expected return on the zero beta portfolio equals the risk free rate f r .
In the standard case where μ is given, consideration of the covariance between the returns of portfolio p and ar an bitrary portfolio leads to the CAPM if portfolio p is in portfolio and let fact the market portfolio. For the case considered in this paper, Proposition 2 leads to a modified version of the CAPM
Proposition 7
Let q be any portfolio with weights q w , M be the ex post market 
Note μ that this reduces to the standard case when is given, but that for this case the intercept is not zero general.
in Continuing the example, Table 3 contains values of alpha and beta for two portfolios for the values of  and  used above. The first portfolio is an e w qually eighted portfolio of returns on the 13 FTSE indices. The second is the conventional market portfolio for whic he weights are proportional to Table 3 shows the alphas and betas for the equally weighted portfolio. These are computed for the standard efficient frontier (table rows called 
Property of the Maximum Sharpe Ratio Portfolio 5.
When F is used as the forecast of expected return, maximum Sharpe ratio portfolio has weights given by
The return on the market portfolio is
The following interesting result is proved in Appendix B.
Proposition 8
market portfolio based on forecast of the expected re .
based on estimates may in practice be considers efficient set mathematics for the case where the covariance matrix of asset returns is asGiven the assumptions above, the expected value of the turn is undefined Strictly speaking, the result is of theoretical interest. Nonetheless, it suggests that returns on the maximum Sharpe ratio portfolio volatile.
Discussion and Concluding Remarks
This paper is the beta of portfolio q with respect to M Consequently the maximum Sharpe ratio portfolio also differs from the standard result. This portfolio remains the market portfolio. Thus, even with uncertainty about the vector of expected returns, subject to the assumptions made about the joint distribution of actual returns and estimated mean returns, ex post Sharpe ratio maximizers hold the ex post market portfolio.
The properties of the zero beta portfolio are also similar to the standard results. A notable exception, however, is that the capital asset pricing model incorporates an intercept and the ex post betas are not the same as mputed ex ante.
The numerical example provides a demonstration of well-known empirical features: positive correlations between returns and estimates improve ex post portfolio performance; negativ post may be expected to be higher than that predicted ex ante.
The assumption of multivariate normality with known covariance matrix is a limitation of the results, except perhaps for those of low frequency. The results presented here imply that a tractable obability distribution of returns and estimates is required. Scale mixtures of the multivariate normal distribution are an obvious candidate. The first term is the ratio of two variables which have a bivariate normal distribution. Cedilnik, Košmelj and Blejec [31] show that such a variable does not have an expected value or higher moments. This is sufficient to ensure that the unconditional moments of Mf R are undefined. Correlations are shown below the leading diagonal.
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